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Exploring representations is a fundamental step towards understanding vision. The visual sys-
tem carries two types of information along separate pathways: One is about what it is and
the other is about where it is (1–3). Initially, the what is represented by a pattern of activity
that is distributed across millions of photoreceptors, whereas the where is “implicitly” given
as their retinotopic positions. Many computational theories of object recognition rely on such
pixel-based representations (4–9), but they are insufficient to learn spatial information such as
position and size due to the implicit encoding of the where information. Here we try trans-
forming a retinal image of an object into its internal image via interchanging the what with the
where, which means that patterns of intensity in internal image describe the spatial information
rather than the object information. To be concrete, the retinal image of an object is deformed
and turned over into a negative image, in which light areas appear dark and vice versa, and the
object’s spatial information is quantified with levels of intensity on borders of that image. Inter-
estingly, the inner part excluding the borders of the internal image shows the position and scale
invariance (10, 11). In order to further understand how the internal image associates the what
and where, we examined the internal image of a face which moves or is scaled on the retina. As a
result, we found that the internal images form a linear vector space under the object translation
and scaling. In conclusion, these results show that the what-where interchangeability might play
an important role for organizing those two into internal representation of brain.
The internal image (or conjugate image, see figure 1) explicitly involves the where of an object. For instance,
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figure 2 shows the retinal images of a face and their conjugate images. Even though the face is placed in the left,
right, upper, and lower direction, their conjugate images look similar. As the original face converts to its conjugate
face, it becomes deformed, turned over, and fitted into the whole screen. Having a good look at the borders of the
conjugate images, we can find some different intensity pattern. The pixel intensity on the borders is determined by
the spatial locations of a face: The intensity level of the border distant from the face is relatively high. Thus, the
conjugate image excluding the borders shows the position-invariant representation.
The inner part of conjugate image explains how the scale invariance can be achieved. Figure 3 demonstrates
the scale invariance as well as the position invariance. The position and scale information is incorporated into the
intensity on the borders. Thus, the inner parts of three conjugate images in the third column of figure 3 are the same
and they are invariant to the position and scale. Figure 3 also provides us with a novel approach to morphological
image processing (12). By using simple arithmetic operation over the conjugate images, we can effectively control
behaviors of the where information. Figure 4 shows the morphological processing of the object images. The lower
transition of each example is made by linear combination of two given image vectors, and the immediate images
of the transition are the arithmetic result, whereas the upper transitions are regarded as a perceptual mean.
However, the internal image representation cannot be directly applied to multiple or occluded object image.
In order to process them, one has to segment a multiple-objects image into single-object images. It would be a
good solution to combine internal image representation with layered representation (13). The combination can be
applied into generating the consecutive images of human walking from limited snapshot images. By means of the
representation, we could produce machine-learning based animations.
Another algorithm for producing the automatic morphing transitions was suggested in (14). It uses optimal
mass transportation theory and concerns the optimal way, in the sense of minimal transportation cost, of moving
a pile of soil from one configuration into another. The total amount of mass is required to be constant in the
process. By assuming the soil as image intensity, the optimal mass transportation can be applied to automatic image
morphing. It matches our method in the aspect that it doesn’t require any feature correspondence for morphing.
Besides, our formulation can be derived from the optimal transport theory: The optimal transportation from an
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image to the uniform intensity is the inverse transformation to the optimal transportation from its conjugate image
to the uniform intensity, which is depicted in figure 1. The conjugate image is a reciprocal to its original image
with regard to optimal mass transportation. However, the automatic morphing methodology via conjugate images
gives slightly different results from the morphing algorithm using optimal mass transportation theory; our method
is not optimal in the criterion of optimal mass transport, but our method supports a poly-morphing and the series-
morphing by adding intermediate images.
Conjugate images depend on the contour of the border. The image boundary that we use is rectangle, and the
conjugate faces looks angular and unfamiliar. If the image boundary is circular, the conjugate face will be more
globular. And the formalism for conjugate image easily extends to three-dimensional case. The reciprocal relation
is still valid: I(x, y, z)I ′(x′, y′, z′) = 1. The range of intensity value I(x, y) includes any positive real number,
but we can restrict its lower and upper bound. If the lower and upper bound of I(x, y) is a and b, we can use
a scaled intensity I(x, y)/
√
ab as image intensity: (I/
√
ab)(I ′/
√
ab) = 1. The duality of image representation
is compatible with a color representation. The conjugate transformation is applied to each color component such
as RGB. If an original image intensity is high, its conjugate image intensity is low due to the reciprocal relation.
Thus, the color of conjugate image looks complementary to the original color. For instance, if the color is green,
its conjugate color is magenta, whose RGB code is [1 0 1].
The visual system separates the processing of an object’s identity (‘what’) from its spatial location (‘where’)
(1–3) and then integrates them in the prefrontal cortex (15, 16). But the cortical pathways show appreciable
anatomical cross-talk, by which the what and where information are partly interchanged (17–20).
Methods Now let us describe a simple mathematics for defining the conjugate image. If we let a continuous
positive function I(x, y) be the intensity of a two-dimensional monochromatic image on a confined domain, the
intensity of its conjugate image I ′(x′, y′) is defined to be a point-by-point multiplicative inverse of the original
image intensity I(x, y) on the domain:
I ′(x′, y′) =
1
I(x, y)
, (1)
where the coordinates x and y are irrotationally transformed onto new coordinates x′ and y′. The curvilinear
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coordinates x′ and y′ are introduced such that the intensity I(x, y) is spread out to have a uniform density in the
curvilinear coordinates: I(x, y)dxdy = dx′dy′. By the same transformation, the conjugate intensity I ′(x′, y′) is
spread out to have the uniform density in the rectangular coordinates as well: I ′(x′, y′)dx′dy′ = dxdy. As a result,
we obtain the reciprocal relation between I(x, y) and I ′(x′, y′) from the two assumptions. The equi-distribution
assumption is also shown in figure 1.
The irrotational transformation from (x, y) to (x′, y′) is characterized as the gradient of a convex scalar func-
tion f , that is x′ = ∂f/∂x and y′ = ∂f/∂y. Then the Jacobian equation (21, 22) becomes the Monge-Ampe`re
equation (23): detHf = I and detH′f ′ = I ′, where H is the Hessian operator. Specifically, when a scalar func-
tion is the Legendre conjugate of the other scalar function then their images, or equivalently the determinants of the
Hessian of the scalar functions, are defined to be the conjugate of each other as well. Thus, we have to get a numer-
ical solution of the Neumann problem for the Monge-Ampe`re equation in two dimensions. The procedure consists
of three steps: (1) Solve the equation I = detHf ; (2) Derive f ′ from f ; (3) Obtain I ′ by I ′ = detH′f ′. Instead of
continuous function f , we use discrete expressions fij , where i = 1, 2, · · · ,m and j = 1, 2, · · · , n. Then the deter-
minant of the Hessian of f is expanded into detHf = m2n2(F11F22−F12F21), where F11 = f(i+1)j +f(i−1)j−
2fij , F22 = fi(j+1) + fi(j−1)− 2fij , and F12 = F21 = (f(i+1)(j+1) + f(i−1)(j−1)− f(i+1)(j−1)− f(i−1)(j+1))/4.
The determinant equation of I becomes the quadratic equation with respect to fij . The equation is analytically
solved by fixing all the neighboring f values except for fij . We have to choose the smaller one between the two
solutions because of convexity of f .
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Figure 1. Conversion of image representation: For the evenly arranged pixels (x, y) and their associated inten-
sity I , this figure shows the conjugate image I ′(x′, y′) by interchanging the pixel positions with the pixel intensity
(The abnormal case of unevenly arranged pixels is shown in the supplementary figure 1). Consider a curvilinear
transformation f : (x, y) → (x′, y′). By the assumption that its Jacobian determinant Jf is equivalent to the in-
tensity I(x, y) of an image (for instance, the image of a tiger), the what information, which is initially represented
by a pattern of intensity, is dissolved into the curvilinear coordinates (x′, y′). On the other hand, the even pixel
positions are converted into the uniform intensity I ′(x, y) by g : (x, y) → I ′, which differentiates the infinitesimal
area of a pixel. To complete a duality between original images and conjugate images in a way that the conjugate
of the conjugate image is the original image itself, local intensity should be preserved for combining the inten-
sity I ′(x, y) and the coordinates (x′, y′). Consequently, the conjugate image is equivalent to the inverse Jacobian
determinant I ′(x′, y′) = J−1f .
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Figure 2. Position-Invariant Representation: The four facial images placed at different positions are trans-
formed into the similarly-looking conjugate images in the third column. But they really have different intensity
on the borders. The intensity level of the borders distant from the original faces is relatively high. The inner
image excluding the border shows the position-invariant representation or what information under variations in the
position of a face on the retina. The facial image is borrowed from (24).
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Figure 3. Conjugate Image Processing: Intermediate images are made from two facial images, I1 and I2. I1
is the left-sided small face and I2 is the right-sided large face. They are transformed into their conjugate images
I ′1 and I ′2 in the third column. The line and arrow represent linear combination and transformation, respectively.
Thus the image in the middle of I1 and I2 is computed by (I1 + I2)/2. Similarly, the image in the middle of the
conjugate images is computed by I ′ = (I ′1 + I ′2)/2. The image at the center is again the conjugate of I ′, which
represents a perceptual mean I . This figure shows that the conjugate images form a linear vector space under
translation and scaling.
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Figure 4. Perceptual Mean versus Arithmetic Mean: We applied conjugate image processing into automatic
morphing without any supervision. The upper transitions of each example demonstrate the unsupervised morphing
capability from two radically different images: (a)knot and fist; (b)smoke and rose (12); (c)sphere and faucet. It is
rather difficult to utilize some existing morphing tools, because no strong feature correspondences exist between
the images or the smoke shape boundary does not have edges and is vague. Nonetheless, our results show the
plausible intermediate images. The lower transitions of each example are obtained by linear combinations of the
first and last images. This morphing is useful for images that have such a weak feature correspondence.
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Supplementary Figure 1. Conversion of image representation: For the unevenly arranged pixels (x, y) and
their associated intensity I , this figure shows the conjugate image I ′(x′, y′) by interchanging the pixel positions
with the pixel intensity. Consider a curvilinear transformation f : (x, y) → (x′, y′). By the assumption that its
Jacobian determinant Jf is equivalent to the intensity I(x, y) of an image (for instance, the image of a tiger),
the what information, which is initially represented by a pattern of intensity, is dissolved into the curvilinear
coordinates (x′, y′), even if the curvilinear space actually looks flat. On the other hand, the uneven pixel positions
are converted into the non-uniform intensity I ′(x, y) by g : (x, y) → I ′, which differentiates the infinitesimal area
of a pixel. To complete a duality between original images and conjugate images in a way that the conjugate of the
conjugate image is the original image itself, local intensity should be preserved for combining the intensity I ′(x, y)
and the coordinates (x′, y′). Consequently, the conjugate image is equivalent to the inverse Jacobian determinant
I ′(x′, y′) = J−1f .
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Supplementary Figure 2. Duality of Image Representation: (a)Suppose that there is a volume-preserved elastic
slab with a uniform height. When we stretch it horizontally according to a warping map φ, the height is changed.
The closer the coordinates, the higher the height. Let us consider the height as the image intensity. Then its conju-
gate image intensity is defined as |J(φ)|, the Jacobian determinant of the warping map φ. A warping map describes
spatial information of an object image, and its conjugate image intensity or |J(φ)| tells spatial information rather
than object information. (b) The lower images are the conjugate of the upper images. Equivalently, the upper
images are also the conjugate of the lower images. As you see the first image pair, the conjugate of a uniform
image is the uniform image itself. All the images satisfy the reciprocal relation I(x, y)I ′(x′, y′) = 1.
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